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We first briefly review the state-of-the-art of the large Nf gauge-fermion theories and then show
that the claim made in [1] that “The singularities in the β function and in the fermion mass
anomalous dimension are simultaneously removed providing no hint for a UV fixed point in the
large-N limit” is unwarranted. This is so since the author’s truncation of the beta function violates
the large number of matter fields counting.
The discovery of asymptotic safety in [2] in perturba-
tively controllable gauge-Yukawa theories has spurred in-
terest in understanding the ultraviolet fate of other non
asymptotically free theories. An interesting class is con-
stituted by gauge-fermion theories at large number of
fermion matter fields and fixed number of colors. QED
and QCD at large number of fermion fields are two note-
worthy examples. Differently from [1] here we indicate
with Nf the number of matter fields to avoid potential
confusion with N which is often taken to be the number
of colors of the theory. Here too we will take the number
of colors to be N .
The first non-trivial order in the 1/Nf expansion for
the beta function and anomalous dimension of these the-
ories were computed long time ago in [3, 4]. The physical
consequences of these beta functions were first discussed
and critically analysed in [5] and [6] and later in [7]. To
this order the beta function develops a singularity that
differs for the abelian and non-abelian groups as sum-
marised in [8]. It turns out that the singular structure,
at order 1/Nf , induces a zero in the beta function. Of
course, the zero in the beta function must be taken with
the grain of salt since it is a result of a delicate cancel-
lation between the leading order and a subleading order
in 1/Nf . This caused excitement that QED could indeed
have a UV fixed point at leading order in 1/Nf . However,
in [8] it was shown that the fermion anomalous dimension
of the fermion quark mass operator at the alleged fixed
point explodes. This causes the operator to violate the
unitarity bound. Therefore either the fixed point is un-
physical or the fermion mass operator decouples. Since
fermions are crucial for the existence of the fixed point it
is hard to believe that this operator decouples. Therefore
for QED the leading 1/Nf fixed point is not expected to
be physical. Nota bene, this result does not imply that
QED cannot have a fixed point in the full theory.
On the other hand, for non-abelian gauge-fermion the-
ories, the anomalous dimension of the fermion mass oper-
ator drops as 1/Nf without violating the unitarity bound.
Additionally, in a recent paper [9] the baryon and glueball
anomalous dimensions were computed and shown that
only the glueball anomalous dimension violates the uni-
tarity bound. Therefore the glueballs states decouple at
the non-abelian UV potential fixed point. This, per se,
is physically understandable since the dynamics is due to
the fermions and not to the gluons in the infinite number
of fermion limit.
In an attempt to go beyond the leading 1/Nf compu-
tation the authors of [1] used the relation between the
beta function in four dimensions and the critical expo-
nent ω(d) =
∑∞
n=0
ω(n)
Nn
f
of the Wilson-Fisher fixed point
in less than four dimensions. In the table below we sum-
marise when, in the 1/Nf expansion, each critical expo-
nent starts contributing.
ω(1) ω(2) ω(3) · · ·
1/Nf F
(1)
1
1/N2f F
(1)
2 F
(2)
2
1/N3f F
(1)
3 F
(2)
3 F
(3)
3
· · · · · · · · · · · · · · ·
TABLE I. Order in the 1/Nf expansion when each ω
(n) term
starts contributing for the large Nf beta function.
Schematically the beta function in K ∝ αNf reads:
β(K)
K2
= 1+
F
(1)
1
Nf
+
F
(1)
2 + F
(2)
2
N2f
+
F
(1)
3 + F
(2)
3 + F
(3)
3
N3f
+· · · ,
(1)
with F
(j)
n (K) a non-asymptotic function ofK. Obviously,
if all contributions are taken into account the full beta
function can be computed which is independent of the
large Nf limit. The resulting series in K will be asymp-
totic, and up to instanton contributions, will yield the
exact result. However so far we only know ω(1) [4] and
therefore a consistent computation in 1/Nf cannot be
performed. Nevertheless in [1] the authors obtained a
truncated version of the full beta function by resumming
the contributions stemming from the first column of the
table that it is due indeed only to ω(1). The truncated
beta of function of [1] has therefore the following issues:
2i) the truncation breaks the large Nf counting,
ii) because of i) the radius of convergence of each term
in the 1/Nf expansion is incorrect,
iii) The (non)singular structure of the truncated beta
function does not reflect the (non)singular struc-
ture of the full theory nor of each term in the 1/Nf
expansion.
In fact, as shown in [10], the correct analytic structure of
each term in the 1/Nf expansion can be determined by
expanding each numerator of (1) in powers of K. For the
leading term in 1/Nf one needs at least 30 perturbative
orders. Clearly a different radius of convergence and a
different analytic structure would have emerged already
at leading order in 1/Nf if we would have chosen a par-
tial subgroup of terms in the sum that is not organised
according to a well defined limit.
Of course, this is a hard subject and therefore we very
much appreciate the efforts made by the authors in [1] to
go beyond the state-of-the art.
We summarise our comment by re-iterating that from
the truncated beta function of [1] no firm statement can
be made about the (non)singular structure of large Nf
gauge-fermion theories. Lattice simulations, on the other
hand, will be able to test their UV nature [11].
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